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ON THE ANALYSIS OF LIBRARY GROWTH" 
by H .  L. Resnikoff and J.  L. Dolby 
The single most striking statistical fact about library holdings is 
their rapid rate of growth. Whereas population growth in the 
United States proceeds a t  rates less than 1.5 percent, all major 
university libraries add a t  least 3 percent annually to their holdings 
(which consequently double every 23 years), and the Universities 
of Connecticut, Maryland, and Toronto are adding to their holdings 
a t  a 10 percent annual rate (doubling in less than 8 years) (Ref. 
3 ) .  Such rapid growth to an ever-increasing extent determines the 
reaction to the collection of both library users and library manage- 
ment. It creates and sustains an ever-present pressure against the 
human, financial, and physical resources of the library, and limits 
opportunities for increasing access to the information buried in 
the growing archive. 
In a previous study (Ref. 3) the nature and most obvious 
implications of library growth were examined. There i t  was con- 
cluded that for long periods, in some cases nearly 400 years, the 
current exponential pattern of holdings growth has sustajned itself, 
subject only to  local fluctuations representing the effect of major 
historical phenomena, but always returning to the steady certainty 
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of exponential growth. This important observation referred to the 
number of holdings arranged by date of imprint ;  i t  did not refer 
to growth in holdings arranged by date of accession. Although 
these two types of growth are related, they behave in significantly 
different ways. Even libraries that are much younger than the 
invention of printing show the exponential behavior of their col- 
lections as a function of imprint date, but they also usually show a 
much more complex behavior of holdings as a function of accession 
date. For example, the holdings of the Library of Congress as a 
function of accession year are displayed in Figure I (on semi- 
logarithmic graph paper, see also Table I ) .  It is evident from 
Figure 1 that there are several distinct periods of growth, each of 
which is approximately exponential, but with varying growth rates. 
In  effect, the Library's growth rate was greatest when i t  was small ; 
as i t  developed, a lesser rate of growth appeared. This pattern is 
easy to interpret, and occurs in many situations unrelated to 
library problems. Of more significance is the fact that this growth 
is essentially piecewise exponential, that is, i t  consists of consecu- 
tive growth periods, each of which is exponential (see Section 3).  
In  Figure 2 the growth of the Widener Library subcollection 
represented in Volume 7 (bibliography) of the Widener Shelf List 
(Ref. 15) is shown as a function of date of imprint. This distribu- 
tion, which covers a period of more than 400 years, is exponential 
for almost 300 of these years with but minor deviations. It should 
be contrasted with Figure I. 
The significant conclusion which is suggested by these two 
figures, and confirmed by further studies, is that there are two 
kinds of library growth. Some care must be taken to distinguish 
them from each other. What we have called the imprint  growth 
rate is related to the total amount and nature of all published 
materials; the other kind of growth is particular to the life cycle 
of each library: i t  can reasonably be called accession growth. It is 
obvious that accession growth must be influenced by the more 
fundamental growth of imprints but, except possibly in special 
situations that do not currently exist, the converse is not true. 
Accession growth does not influence imprint growth. 
The management problems of a specific library will be composed 
of a complex combination of subproblems stemming from both 
types of growth (as well as from other variables). It is necessary 
to be able to separate these two kinds of subproblems to be able to 
analyze their relative importance and to be able to provide reliable 
projections of future requirements. 
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TABLE I 
LIBRARY OF CONGRESS HOLDINGS 
Total 
Bound 
Volumes and 
Pamplets 
and Bound 
Newspaper 
Volumes 
Total 
Bound Bound 
Bound Volumes and Newspaper 
Volumes Pamphlets Volumes Year 
1866 
1867 
Pamphlets 
- 40,000 
Sic 
Year 
1966 
NOTE : 
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TABLE I (Continued) 
Pamphlets 
Bound 
Volumes 
Total 
Bound 
Volumes and 
Pamphlets 
2,614,523 
2.710.556 
Total 
Bound 
Volumes and 
Pamplets 
Bound and Bound 
Newspaper Newspaper 
Volumes Volumes 
The decline in Bound Newspaper Volumes 1961-1966 is  undoubtedly 
due to the weeding out of old newspapers and replacement by micro- 
film. 
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It should not be thought that the observed long-term exponential 
growth of imprints will continue indefinitely. Physical resources, 
as well as  author resources, cannot maintain the pace of exponen- 
tial growth. It folIows that the current phase of imprint growth 
must ultimately terminate, yielding to a type of growth, or perhaps 
decline, that will have an upper bound. It is important to know 
whether this time is come, or whether it still is fa r  in the future, 
for in the first case we may breathe a sigh of relief, assured that 
our resources will come into compass with library requirements 
and perhaps even permit the luxury of elaborating access to 
library collections in a studied and leisurely manner not subjected 
to the current continual strain to catch up with the flood of acces- 
sions. In the second case, which the authors believe is the more 
likely of the two, exponential growth a t  least a t  current (and 
historic) rates will continue for a long period, and a relaxation of 
current accession pressures cannot be hoped for. In this case, every 
effort must be bent to command resources in the most efficient 
and rapid manner possible to cope with the information glut. I t  is 
in this connection that the computer must be considered, for the 
growth with time of the number of computer operations per see- 
ond and the number of operations per dollar, are both exponential 
also and therefore provide the possibility of containing and assimi- 
lating the growing flow of information. 
Because the current phase of exponential growth must ultimately 
change to some type of growth occurring a t  a lower rate, and 
ultimately to a growth or decline which has an absolute upper 
bound, it is of some interest to study the likely forms that future 
growth curves will take, as well as the way in which one growth 
stage will pass into the next. The remaining sections of this paper 
are devoted to determining the forms of natural growth curves that 
appear pertinent to the problem of library growth so that three 
main problems can be investigated. These are:  
1. Is  the current phase of exponential growth likely to persist 
for long? 
2. What is the utility of approximating library and related 
growth curves by piecewise exponential functions in place of 
more complex curves? 
3. What is the nature and interpretation of fIuctuations about 
the exponential trend? 
The answer to the first problem has the greatest immediate sig- 
nificance, for i t  determines whether future decades have in store 
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for us exponential struggle, or the peaceful and perhaps dull 
coexistence with a steady state of information production and decay. 
2. Four Fundamental Communication Inventions 
The purpose of the library is to store and provide access to the 
information accumulated by man throughout history. Thus i t  is 
reasonable to expect a relationship between library growth and 
growth or change in  other components of civilization. This funda- 
mental relationship does not seem to have been sufficiently em- 
phasized in the literature, but i t  is important for a balanced under- 
standing of the current growth situation. Therefore, i t  seems ap- 
propriate to make a brief historical digression. 
Four fundamental inventions can be recognized in the history 
of civilization. Each of them produced changes of unprecedented 
magnitude and extent; all of them have a common aspect. The 
first was the invention of complex writing systems, capable of 
expressing abstract concepts as well as names and actions, in the 
Near East not much earlier than 3000 B.C. (cf. Ref. 4). I t  was 
immediately followed by the rise of the oldest of the high civiliza- 
tions known today-the Egyptian and Mesopotamian-and was 
perhaps the cause of their rise. These elaborate and inefficient 
writing systems made possible the accumuIation of archival in- 
formation stores containing records of complex processes and ob- 
servations relating to mathematics, astronomy, law, political ad- 
ministration, and commercial accounts. There is no indication of the 
existence of complex political organizations or scientific effort in 
societies not having a writing system. 
Nearly 2000 years later the alphabetic system of writing was 
introduced by the Greeks (Ref. 4) and their remarkable civiliza- 
tion rose to its great heights shortly after. The significance of an 
alphabetic writing system cannot be overestimated : i t  is markedly 
more efficient for communication, requires less time to learn, 
and is therefore accessible to greater numbers of people. I t  pro- 
vides a startling comparative advantage in communication for the 
maintenance of commercial and administrative records, for the 
recording of mathematical and scientific information, and even for 
those communications necessary for the extended prosecution of 
military efforts ranging over great distances. The mental effort 
and time required to read a given amount of information recorded 
in one of the ancient Egyptian writing forms or in cuneiform 
Akkadian is enormous compared with a n  alphabetic language 
representation. 
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The third invention that we consider fundamental is that of 
movable type and its application to printing, probably by Guten- 
berg and Johann Fust in the mid-fifteenth century; the earliest 
known book printed in Europe is dated 1456. Although movable 
type was known in China and Korea before its independent inven- 
tion in Europe, its influence in China was negligible, no doubt be- 
cause of the nonalphabetic nature of the Chinese language, while 
its development in Korea antedated the European invention by 
about 50 years, and was probably connected with the Korean 
adoption of a phonetic alphabet about that time. 
Each of these three inventions provided a remarkable advantage 
over previous methods for storing, transmitting, and retrieving 
information, with a corresponding decrease in the unit costs in- 
volved. The principal consequence of increased efficiency and ef- 
fective~ess was the opportunity to  build on past knowledge and 
experience; this greatly accelerated the growth and progress of 
civilization in each of the periods of invention. 
The modern general-purpose digital computing machine epito- 
mizes the common properties of these three earlier inventions ; no 
one other instrument or technique in the history of civilization 
has created such a change in the ability to store, transmit, and 
retrieve information as has the computer. It is difficult not to 
view i t  as the fourth fundamental invention in the field of com- 
munication of information, and to speculate that its effect will be 
no less than the effects of each of its predecessor inventions. From 
this standpoint, a new "information explosion" must be anticipated, 
that is, a new period of exponential growth having a growth rate 
(i.e., an exponent) greater than that characteristic of the post- 
printing press growth period. One consequence of this new explo- 
sion will be an increased rate of library accession of information 
and quite likely a new roIe for libraries as archives of information 
in machine-readable form. If this argument is accepted, the answer 
to the first of the questions posed in Section 1 is clear: the cur- 
rent exponential growth rate is not likely to persist; i t  will be 
replaced by an information growth rate greater than the current 
rate. 
If the role of the computer in civilization is in fact similar to the 
roles previously played by the icvention of writing systems, 
alphabet, and printing, then there will probably be changes in the 
essential fabric of civilization as we know it that cannot now be 
foreseen. The role of the library is central to this point of view, 
for libraries represent the archive wherein the knowledge and ex- 
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perience accumulated by previous generations is maintained and 
organized (albeit superficially) ; they are the information reposi- 
tories on which all future developments are founded. If i t  is true 
that the growth of civilization, and indeed its growth rate, depends 
on the capabilities for storage, transmission, and retrieval of infor- 
mation, then i t  inevitably follows that the role of libraries as 
storage banks for  information in printed as  well as machine- 
readable form-and of computers to transmit and retrieve, as  well 
as to analyze, modify, and re-store that information-must become 
more central and important as time passes. Governmental support 
for library systems, and library support for and experiments with 
computers is, if our argument is essentially correct, imperative for 
the continued growth of civilization. Examples of the interaction 
between efficient information-processing and the growth of civili- 
zation that may help to place the previous remarks in perspective 
are discussed below. 
World Population Growth 
The "population explosion" is a consequence of decreased death 
rates since there is relatively little that can be done to increase 
the per capita annual birth rate. As Figure 3 shows, the rate of 
growth of world population-that is, the decrease in the death 
rate-increased markedly after 1500, and has been increasing ever 
since in a historically unprecedented manner. This must be attri- 
buted primarily to the rapid communication of medical knowledge, 
sanitation techniques, advances in agriculture, and so forth, made 
possible by the invention of printing a few decades earlier. A 
similar population explosion probably occurred in the Greek world 
between 1000 B.c. and 500 B.c., and even earlier in historical Egypt 
and Mesopotamia, although accurate population estimates are 
lacking. The vast construction programs of the Egyptians and 
Akkadians, and the similar later ones of the Chinese, provide evi- 
dence of a massive long-term employment of labor and consequently 
of a relative surplus of population. I t  is of no importance to this 
argument what proportion of these populations might have been 
"immigrants" of one type or another. 
Mathematical Research 
Mathematical research depends in a direct way on the availabili- 
ty of an archive and the efficient transmission of information. 
Even in ancient times there was relatively rapid communication 
of important new results. For instance, Archimedes was well 
informed about the astronomical theories of Aristarchus although 
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FIGURE 3 Estimated trend tn the rate of growth of World 
populat~on, A D  700 to 1950. 77re pornr for 
1951 was esrm~ared by ttze UAr, 1932. (Data 
from Palmer Cosslett Putnam, Energy 111 the 
Futrtre [New York, 19531, p. 22 ) 
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the latter was only 25 years older than Archimedes and they were 
separated by much of the "known7' world of the times (circa 200 
B.c.), Archimedes residing in Sicily and Aristarchus on the island 
of Samos near modern Turkey. Because of the critical role that 
communication pIays in mathematical progress, one would expect 
that mathematics would experience a renaissance following an 
invention which decisively improves communication. In  fact, there 
is no real mathematics known prior to the Egyptian and Mesopo- 
tamian civilizations, although serious mathematics of high caii- 
ber is attested in the earliest phases of these civilizations. Much 
more information is available about what has happened since 
Greek times, and it supports our view. Indeed, if the number of 
memorable mathematicians is graphed as a function of the birth 
date of the mathematician, then the curve displayed in Figure 4 
results. Here a mathematician is "memorable" if he is named in the 
index to a standard history of mathematics; the book by Struik 
(Ref. 13) has been used for the illustration. Other cl~oices would 
not change the shape of the curve. Estimates of world population 
are shown in Figure 4 for comparison purposes. Observe that 
the number of memorable mathematicians rose rapidly after 700 
B.C.-that is, not long after the invention of an alphabet by the 
Greeks-and grew exponentially from 300 B.C. until about 1450 A.D. 
after which time the growth rate increased dramatically. If the 
exponential portion of the memorable mathematician curve is ex- 
tended back in time, i t  suggests that the "first" memorable mathe- 
matician lived about 3700 B.c., not long before the first writing 
systems are attested and probably simultaneous with their develop- 
ment. 
European Universities 
The growth curve illustrating the currently extant European 
universities as a function of their date of founding (Figure 5) 
is interesting. The data came from the Random House Dictionary, 
and is given in Table 11. Figure 5 shows four distinct phases of 
growth, three of which are clearly exponential, with a fourth that 
is approximately so. The earliest period, from 1100 to 1210, cor- 
responds to such small numbers of universities that statistical 
arguments cannot be reliable, and we thus ignore it. The second 
period, from about 1210 to 1500, indicates a uniformly exponential 
growth doubling approximately every 110 years. After 1500, there 
is a 300-year period of roughly exponential growth, which may 
mark a transitional phase from the previous period to the next 
one, beginning in 1800 and continuing to the present, which shows 
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exponential growth proceeding a t  the same rate as the 1210 to 1500 
g r o ~ t h . ~  Thus shortly after the invention of printing a major 
change in the growth rate of the number of universities occurred. 
One interpretation of this phenomenon is that printing made the 
textbook cheaper and more available and thus permitted an in- 
creased student-to-teacher ratio, decreasing the necessity for 
founding new institutions. After 300 years, the natural growth 
in the student population increased this ratio beyond levels that 
could be efficiently maintained even with the availability of in- 
expensive texts, thus encouraging the foundation of more univer- 
sities, at the previously observed rate. This explanation is offered 
solely as  a possibility; research would have to be done to see if it 
is consistent with the growth of student populations. An indication 
that this explanation may not be farfetched is the contemporary 
effort to introduce television and teaching machines to permit 
greater student-to-teacher ratios; both of these devices are im- 
proved means for transmittirtg information, which of course the 
printed text is too. 
3. Stable Growth 
The growth with time of a population (of people, or books, or 
any other quantity) is said to be exponential if its rate of change 
is proportional to the population; the constant of proportionality is 
the growth exponent. In the standard notations of the differential 
calculus, this is expressed by writing 
where P(t) denotes the population a t  time t, and a. is the growth 
exponent. The solution to this differential equation is 
where to is any conveniently chosen time. If a population does 
grow according to this equation, then its logarithm varies linearly 
with the time, that is, 
here log denotes the natural logarithm function. This means that 
exponential growth is represented by straight lines on semi- 
logarithmic graph paper, such as  is used for  Figures 1 and 2, for 
instance. 
Year 
1065 
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TABLE I1 
EUROPEAN UNIVERSITIES CURRENTLY EXTANT* 
Cumulative Cumulative Cumulative 
Minus Number Minus Number Minus Number 
Cumulative in 1460 (=46) in 1500 ( ~ 5 8 )  in 1790 (=117) 
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TABLE I1 (Continued) 
Cumulative Cumulative Cumulative 
Minus Number Minus Number Minus Number 
Cumulative in 1460 ( ~ 4 6 )  in 1500 ( ~ 5 8 )  in 1790 (=117) Year 
*Source: Random House Dictionary (1967). 
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Since two constants determine a straight line, it follows that two 
constants compIetely determine the equation of exponential growth. 
Complex social or natural processes will usually require more than 
two constants for their accurate representation, so that exponential 
growth laws should not be able to represent such processes for 
long periods except in special circumstances. 
If the growth exponent is positive, then P( t )  will increase in- 
definitely as time passes. For populations on the earth, this can- 
not happen, so it must be the case that a population which follows 
an exponential growth process must ultimately change its rate of 
growth. This change cannot be described without introducing 
new assumptions; it is by no means clear what these assumptions 
should be for human or book populations, although a number of 
proposals have been made. 
If P(t)  does grow exponentially, then it doubles every log2/a0 
units of time; if time is measured in years (as will be assumed 
from here on), then P(t )  doubles every (0.69315/a0) years. 
The annual rate of increase is given by (euo-1) ; if a. is small, 
this is approximately equal to (a, + ao2/2). For instance, if a. = 
0.1, then the annual growth rate will be 0.1052. . . , just more than 
10 percent. For growth rates, or growth exponents, less than 0.1, 
the growth exponent is essentially the same as the annual growth 
rate. 
Recognition that most growth processes could not be described 
by a two-parameter curve such as the exponential led many in- 
vestigators to attempt generalizations having a greater number 
of parameters that could be adjusted so as  to f i t  the data. This is 
a difficult problem. There are mathematical theorems which state 
that any sufficiently smooth curve-and all of the growth curves 
that we are considering satisfy this condition-can be represented 
as closely as desired if enough parameters are used. The practical 
problem is to provide a representation that uses as many param- 
eters as are necessary, but no more, so that there is some hope 
that the representation actually corresponds to the actual under- 
lying physical or probabilistic processes in a natural manner. The 
earliest well-reasoned generalization of the exponential to f i t  
growth data was made by Verhulst (Ref. 14) in the mid-nineteenth 
century; his discovery of the logistic curve was independently re- 
peated by Pearl and Reed (Ref. 11) in 1920. Verhulst's idea was 
to replace the differential equation (1) by the "simplest" generali- 
zation. Upon dividing both sides of eq(1) by P ( t ) ,  one finds 
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Verhulst assumed that the right-hand side should be replaced by 
a more general function, say f ( t ,P( t ) ) ,  which might depend on 
the time t as well as on the population P ( t ) .  If the population 
growth rate depends only on the population, and not on the time 
(this is realistic; for instance, had the United States been dis- 
covered 300 years earlier, its population growth is likely to have 
proceeded in the same manner as actually occurred) then f depends 
only on P ( t ) .  Verhulst's next assumption was that this depend- 
ence could be expressed by means of a power series, that is, in 
the form 
further, he made the approximation that all of the terms on the 
right except the first two in eq(3) could be neglected, and arrived 
a t  the differential equation 
The solution is the logistic function, 
where c is  a constant which must be determined from the value of 
P( to)  a t  some time to. This equation involves three parameters 
a,, &I, and c instead of the two appearing in the exponential. For 
P ( t )  to be positive it is  necessary that a, be negative; then the 
term alP( t )  in the differential eq(4) corresponds to an influence 
retarding the growth of P with time, and in fact, as t becomes 
indefinitely large, P ( t )  does not, but rather approaches the value 
-aolal as an absolute maximum. The positive number a. repre- 
sents, as before, the growth exponent. Pearl (Ref. 10) provides 
a useful example of a logistic curve, making use of Carlson's 
data on the growth of yeast cells; we have reproduced this curve 
in  Figure 6. It illustrates both the shape of the logistic and the 
fact that logistic curves do sometimes provide accurate representa- 
tions of growth processes. Unfortunately, the complex processes 
of library imprint growth, human population growth, or other 
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growth phenomena related to society do not in general behave 
logistically. For instance, neither the holdings growth of the Li- 
brary of Congress (Figure 1) nor the growth in the number of 
universities (Figure 5) are well represented by logistic curves. 
Numerous attempts have been made to f i t  the data of civilization 
to logistic curves and to successions of logistics (cf. Ref. 2, 6, 7, 9, 
10,11, and 16). 
If i t  is found that some data can be nicely f i t  by a sequence of N 
logistics, this means that a t  least 4N-  1 parameters are involved 
(as well as some additional ones to describe where consecutive 
logistics are to be f i t  together, but this can be ignored since this 
problem is common to all piecewise fitting processes), since each 
logistic requires three parameters, giving 3N, and all but one 
(and sometimes that last one also!) must be shifted up or down, 
which requires an additional constant. For instance, if data can 
be f i t  by two logistics, as shown in Figure 7 taken from Pearl 
(Ref. lo ) ,  then eight parameters are required. Only 11 data points 
were available to Pearl, so i t  is no surprise that an eight-parameter 
function could be found that would provide a good f i t ;  it is not 
clear that other functions might not provide an equally good f i t  
with the use of fewer parameters. Indeed, Pearl's data is shown 
on a semilogarithmic scale in Figure 8, from which i t  is readily 
seen that the leftmost four points are well f i t  by the two-parameter 
exponential, the next three could be fairly well fit, and the remain- 
ing four are again well fi t  by an exponential. Therefore three ex- 
ponential~, requiring a total of six parameters, appear to do 
about as well as two logistics requiring eight parameters. One dif- 
ference is t ha t  there is no evident place to transfer from one 
logistic to the other; Pearl arbitrarily does this a t  1855. The 
exponential fits of Figure 8 immediately suggest that something 
happened between the adjacent data points for 1840 and 1855, 
and the fact that the lines representing the earliest and latest 
exponentials in the graph are nearly parallel suggests that what- 
ever occurred to change the population growth rate between 1840 
and 1855 had returned to "normal" by 1870. The revolutions and 
turmoil of 1848 and the following years could have affected the 
birth rate, and i t  might have taken a generation-about 20 years- 
to recover the rate loss, thus accounting for all of the features of 
this graph in an informative way that the logistic interpretation 
does not permit. Indeed, i t  is precisely the fluctuation from ex- 
ponential growth that is of interest in this case; the logistic curves 
smooth that fluctuation so as to make i t  invisible. 
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The following paragraphs will argue that piecewise exponential 
approximation to growth curves provides the most convenient and 
informative tool for understanding the underlying processes. We 
will argue that the nature of civilization is such that when influ- 
ences which tend to retard growth are encountered, the exponent 
of the exponential growth curve is changed to relieve that retard- 
ing pressure; in general, the fornz of the function is not changed. 
This is the same as saying that the growth exponent of the ex- 
ponential is a function of time,and, with a sufficiently complex vari- 
ation of this exponent with time, any growth curve can be traced 
out. But i t  appears from a study of various important classes of 
growth curves that the variation of the exponent with time is of 
a particularly simple nature. It i s  constant most of the time but, 
in reaction to external retarding influences, i t  makes a transition 
from its original constant value to another constant value which 
is compatible with the external circumstances. 
Consider, for instance, the popuIation growth of the United 
States, shown in Figure 9, for the period 1610 to date. Until 
1690, growth was extremely rapid and exponential; from 1700 
until 1880 growth was again exponential with a remarkable degree 
of accuracy and consistency. After 1880 a more complex pattern 
occurs (to be discussed in  Section 4). The departure from exponen- 
tial growth which shows up for the first time in the 1880 census 
corresponds to what historians call "Turner's thesis,"' concerned 
with the closing of the Western Frontier. It is evident that the 
270-year period from 1610 until 1880 can be accurately described 
by two exponentials, thus four parameters. 
Population statistics are unusually complete for the United 
States ; most other nations have only recently begun to accumulate 
accurate population estimates based on census data. Nevertheless, 
i t  will be useful to look a t  the population growth of one other na- 
tion. Figure 10 displays the growth of Japanese population since 
1872. It can be accurately represented by two exponentials, from 
1872 until 1900, and from 1900 to date. There is a sharp popula- 
tion decline, shown by the 1945 census, due to manpower losses in 
World War 11, but this was completely made up by the time of the 
1950 census. The long-term trend rate of Japanese population 
growth has returned approximately to that level i t  has held since 
1900. In the popular press as well as in demographic literature there 
has been concern for the rapid growth of the Japanese population 
since the war, and some relief that i t  appears to be coming back 
under control a t  last. This is misleading; in fact, having retrieved 
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the population lost in the war, the growth rate is now returning to 
its traditional value. This shows a danger inherent in looking at 
short sections of time series. The local fluctuations may obscure the 
general picture and lead to gross misestimates of what is happen- 
ing. Further examples of this type of problem will come up in what 
follows. 
Returning to Figure 2, the Widener Shelf List Volume 7 imprint 
date distributicn, observe its essential exponentiality. Figure 11 
displays the same information for the Stanford Undergraduate 
Library. This collection is restricted to recent imprints because 
of its small size and limited purpose. Nevertheless the usual ex- 
ponential trend is clearly evident. It appears to make no difference 
whether a subcollection of a large library or an entire small library 
is examined. In Reference 3 it was shown that similar growth 
occurred in a random sample from a university library of some 
300,000 items, exclusive of periodicals, 
Figure 12, taken from Reference 2, shows that the number of 
scientific periodicals and also the number of scientific abstract 
journals have been growing exponentially, the former for approxi- 
mately 300 years. 
Turning to quite a different type of growth statistic, in recent 
years the Basic Oxygen Process has been increasingly used for the 
production of steel in the United States. Growth in the output of 
BOP raw steel is shown in Figure 13, It consists of two parallel 
lines on the semilogarithmic graph paper, separated by about a 
year. Thus, apart from this fluctuation (which will be discussed in 
Section 4), this statistic also follows the exponential growth law.3 
4. Local F7uctuations in Growth 
All of the graphs that have been discussed show consistent 
exponential trends for most of their duration, but there are 
deviations of several types. 
I. There are minor fluctuations which appear to have an 
average value of zero with respect to the underlying exponen- 
tial trend. These probably correspond to random influences 
that are of no long-range importance, and which cannot be 
subjected to a deterministic analysis. There is not much that 
has to be said about them other than that they always exist 
in natural time series and that there is little that can be done 
to analyze them. Figure 14 illustrates the residuals of the 
Widener Shelf List data used for Figure 2 with respect to 
exponential trend lines. Trends were obtained using least 
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squares methods on the logarithms of the data for two distinct 
samples: the period 1830-1876, and the period 1876-1965. 
The residuals are the deviations of the logarithms of the data 
from the logarithms of the fitted exponentials. From 1870 
to 1914 it appears that the residuals are essentially random; 
this represents Type-I fluctuation. The three largest residuals 
occur in 1965, 1945, and 1918. The first is due to the incom- 
pleteness of the coIlection in the most recent years; plotting 
by imprint date invariably introduces a bias in the most 
recent figures because items published in any given year are 
acquired over a span of years following. Technically, this bias 
extends over the entire collection; however, i t  is most notice- 
able in the most recent five to ten years. I t  would be of inter- 
est to determine the distribution of imprint dates for a given 
year's acquisitions to determine the effect of the bias more 
precisely. The other two large residuals occur in the final 
years of the world wars, and are both negative, as might be 
anticipated. These fluctuations are clearly not Type-I. The 
large residuals that occur in early portions of the sample 
(e.g., that in 1840) are of questionable significance because 
of the small sample sizes for those early years. 
11. There are departures from exponential growth which 
last for a short period relative to the duration of the ex- 
ponential part, followed by a longer period of stable exponential 
growth proceeding at  a different growth rate. This type of 
departure from exponential regularity appears to correspond 
to a change in the underlying environment which requires a 
readjustment of the growth rate. The readjustment is ef- 
fected by passing in some (possibly irregular) manner from 
the initial constant growth rate to the new constant rate by 
means of a transition period of relatively short duration. 
Two examples of this type of process are shown in Figure 9 
(U, S. Population), one in Figure 10 (Japanese Population), 
and two in Figure 1 (LC holdings). 
111. The third type of fluctuation is perhaps the most inter- 
esting. It is represented by a period of regular exponential 
growth which is followed by a transition period of relatively 
short duration. The transition period precedes another period 
of stable exponential growth (as in Type-I1 above) which 
proceeds a t  the same rate of growth as the exponential pre- 
ceding the transition. Thus, on semilogarithmic graph paper, 
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the initiaI and final exponentials will appear as parallel lines; 
the transition corresponds to a curve connecting the two ex- 
ponential~ which can be irregular. The two exponentials may 
actually be parts of one; this is shown in Figure 10, where 
the transition is constituted by the rapid decrease in Japanese 
population from 1940 to 1945 foIlowed by an even more rapid 
increase from 1945 to 1950, bringing the population back up to 
the exponential trend line as if World War I1 had not occurred, 
In other cases, the two parallel lines representing exponential 
growth do not coincide; usually, the terminal line lies below 
the initial one, which means that although the population 
growth rate has returned to its initial state, there has been an  
unrecovered absolute loss in population. This is well illustrated 
by Figure 13  (Basic Oxygen Process Raw Steel Output in the 
U. S.) which shows an unrecovered loss which can be inter- 
preted as having set the industry back by slightly more than 
one year.4 
There are other types of departure from exponential growth, but 
they are not so easily characterized nor do they seem to play an 
important role in the types of popuIations that are under con- 
sideration in this paper. 
Fluctuations of Type-I11 and their connection with unrecover- 
able losses are worth some further discussion. An important 
example is furnished by population and economic time series for 
the United States encompassing the period of the Great Depression, 
which is a Type-I11 fluctuation. 
Figure 15 shows the population of the United States during the 
1880-1960 period, as given by the decennial census. In connection 
with Figure 9, i t  was pointed out that a Type-I1 transition occurred 
about 1880, corresponding to the closure of the frontiers; the 
effect of this transition is visible in the first three data points of 
Figure 15; the next three lie on a line (which is not remarkable 
since two points determine a line). The remaining three points 
lie on another line which is nearly parallel to the first. Therefore, 
the data from 1910 to 1960 can be interpreted as indicating a 
constant growth rate with a Type-I11 fluctuation occurring be- 
tween 1930 and 1940, the decade of the depression. Pursuing the 
implications of this interpretation, shift the 1940-1960 line to the 
left so that it coincides with the 1910-1930 line, and measure the 
number of years of shift required to obtain this coincidence: it is 
approximately 6 years (we will use 5.89 years). Figure 16 shows 
the same data used for Figure 15 with a 5.89-year shift to the 
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past for post-1930 data. The six points corresponding to the popu- 
lation figures from 1910 through 1960 now lie on a line with very 
good precision. It is possible to interpret this Type-I11 fluctuation 
as implying that the effective duration of  the Great Depression 
was about 5.89 years. In other words, the non-recoverable popula- 
tion loss due to the depression was equivalent to 5.89 years of 
exponential population increase a t  the previously and subsequently 
prevailing rate. It should be observed that World War I1 had as 
little effect on the U. S. population growth rate as i t  had on that of 
the Japanese population (cf. Figure 10). 
As a check on the notion that there was really a non-recovered 
loss of population during the Great Depression, we can investi- 
gate the behavior of the Gross National Product (GNP) on the 
assumption that there is a close relation between the two time 
series. This can be done either by assuming the 5.89-year gap and 
testing the departure from linearity using this gap, or by deriving 
the gap (if any) from the GNP data directIy. 
Figure 17 shows the GNP (in current dollars) for the period 
1894 to 1965. The values up to 1921 are  Byear averages; the 
subsequent values are by individual years. The data prior to 
World War I and the data subsequent to World War I1 are quite 
consistent with the general hypothesis of exponential growth. The 
intervening period (1914-1945) exhibits rather wild fluctuations- 
as might be expected. From this superficial examination alone it 
is quite clear that GNP does not possess the stable growth pattern 
shown by population growth. 
Figure 18 shows the same data with the 5.89-year interval in 
the 1930's removed. Even with the larger variation of the GNP 
data, i t  is  clear that this data is not inconsistent with the "depres- 
sion-gap" hypothesis. In fact, a good portion of the data for the 
1920's is included within the rough limits of variation sketched 
in Figure 18. One could conjecture that the real roots of the Great 
Depression are to be found in the "excessive" growth of the GNP 
in World War I, and in the difficulty in guiding the GNP back 
to its basic growth rate without overshooting the goal. 
Derivation of the depression-gap vaIue from GNP alone leads 
to some problems. If one uses the 5-year averages for  the two 
periods of evident linearity before World War I and after World 
War 11, one obtains a depression gap of 2.05 years. This can be 
explained in part by the variation introduced by the Korean War; 
if the 5-year period including the Korean War is eliminated, the 
estimate of the gap becomes 3.29 years. Better agreement might be 
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obtained were i t  possible to obtain GNP figures for individual 
years prior to World War I or if the study were based on real 
rather than on current data. 
Our main interest in this data, however, is in showing the need 
for careful analysis of long-term growth as well as growth in 
the short term. Without sufficient long-term statistics, a Type-I11 
fluctuation may be misinterpreted as one of Type-11, and an  
underestimate of the trend growth rate may be made. Indeed, this 
has often happened in the past 30 years; libraries and other institu- 
tions have rapidly outgrown facilities constructed under the mis- 
apprehension of future lower trend growth rates due to an analysis 
of insufficient portions of their growth records. 
Figure 19 exhibits the history of United States invention patents 
issued from 1790 through 1966 (cf. Table 111). This complex 
graph contains fluctuations of all three types. There is an important 
Type-I11 fluctuation during the Great Depression which increases 
in its effect during World War 11, and there are two others, from 
about 1812 to 1822, and 1830 to 1845. There is a basic change in 
the trend growth rate, a Type-I1 deviation, a t  about 1870 which 
appears to correspond to the Type-I1 transitioh observed in the 
U.S. population curve (Figure 9) about 1880. And there are the 
inevitable Type-I random fluctuations throughout the graph. 
5. Conclusions 
It appears to us that future research of a more complete and 
detailed nature will bear out the following conclusions: 
1. Exponential growth of library holdings will persist for the 
foreseeable future. To maintain current growth rates, automa- 
tion of the production of portions of the intellectual content, a s  
well as the production of books and equivalent forms of stored 
information, will increase. 
2. Growth curves of importance to library management consist 
in general of piecewise exponential segments connected by transi- 
tional fluctuations. Determination of the nature of the current 
and short-term future portions of the curves is necessary for  
realistic and practical planning purposes. Piecewise exponential 
approximations are the simplest techniques for exhibiting the 
structure of these growth curves. 
3. As far  as  growth rates are important for  planning purposes, 
fluctuations of Type-I11 must be detected and ignored in the 
evaluation of future requirements of a library. 
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4. Much more detailed studies of the time series associated 
with library operations must be made. Analytical methods that 
will permit the objective determination of the points of transi- 
tion from periods of one type of growth to another must be de- 
veIoped as  well as the interrelation of statistical information 
pertaining to different types of growth statistics. 
5. It seems clear that there is a connection between the growth 
of the library archives and the growth of various estimators of 
the state of civilization. It ought to be determined which is cause 
and which is effect. More precisely, the role of the preservation 
and transmission of information in the development of civiliza- 
tion certainly ought to be investigated not only as a subject of 
abstract intellectual interest but also to provide a working tool 
for those responsible for allocation of national resources. Fur- 
thermore, as the details of this relationship become clarified, 
library management will be in a better position to improve the 
means of accessing the informati06 archive. 
NOTES 
1. Gelb (Ref. 4) writes: "If the alphabet i s  defined a s  a system of signs 
expressing single sounds of speech, then the f irst  alphabet which can justifi- 
ably be so called is the Greek alphabet." 
2. The data given in Table I1 appears to  agree with tha t  used by De Solla 
Price for his figure on page 115 of Reference 2, but his description of the 
growth there given seems to be in error. 
3. The datum of 1967 does not lie on the fitting line. Since the most recent 
statistic in an economic time series is usually revised, this number has been 
ignored in fitting the exponential. 
4. The Kennedy confrontation with the steel industry concerning its pricing 
policies occurred after the sharp transitional drop in BOP steel output growth 
rate in 1960-61. The proposed price increases may have been a reaction to this 
transition. Had it been known a t  the time tha t  the transition was of Type-I11 
but not of Type-I1 and that  i t  would last for  one year in i ts  depressive 
phase, the industry might not have reacted with i ts  proposed non-transitional 
price increase. This example illustrates the importance of studying the 
causes of transitions and learning how to distinguish the various types as  they 
occur. 
This problem also illustrates the importance of further statistical study of 
the procedures to be used in interpreting growth data. I t  i s  possible to "fit" 
the BOP steel output data with a single straight line that  effectively "hides" 
the transition period of 1960-61. The procedures for testing the improvement 
introduced by the notion of a break in the growth function are fairly obvious. 
Isolation of the period involved, given that  a break occurred, i s  also straight- 
forward. However, the problem of finding break points when there is  no 
a priori information a s  to how many are present does not appear to have 
been studied a t  any length. 
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